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Abstract
The smooth minimal genera for ξ ∈H2(CP 2 #nCP 2,Z) are determined completely when n 9
and 0 > ξ2 > −16. In particular, we find that ξ is represented by an embedded 2-sphere when
0 > ξ2 >−n− 7 and n 9.
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1. Introduction
For 4-manifolds with nontrivial gauge theoretical invariants (Seiberg–Witten invariants
and Donaldson invariants), much progress has been made in recent years towards
determining the minimal genus of a closed surface representing a class with non-
negative square (cf. [9]). For those classes, adjunction inequalities [7,17,15,20] based on
such invariants offer reasonable lower bounds. For algebraic surfaces and symplectic 4-
manifolds, by applying algebraic geometry or symplectic topology, the lower bounds are
often shown to be the solutions of the minimal genus problem. There is also some success
in constructing concrete smoothly embedded surfaces with genera equal to those lower
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bounds. Especially, the minimal genus problem for CP 2 #nCP 2 with 7  n  9 and S2-
bundles over surfaces was completely solved this way (cf. [12–14].
For classes with negative square, not much is known. Adjunction inequalities were
proved to still hold in many cases [1,18]. When the lower bounds for genera so determined
are positive, they do give useful information as used in [11] to solve the minimal genus
problem for some classes with negative square. However, the lower bounds given are
usually negative, and so they are not informative. In fact, for those classes in 4-manifolds
with nontrivial gauge theoretical invariants, general results only exist for manifolds with
orientation-reversing self-diffeomorphisms, e.g., surface bundles over surfaces. This is
because classes in the same orbit of the action of diffeomorphism group on the homology
lattice have the same minimal genus, and so for such manifolds, the minimal genus problem
for classes with negative square can be reduced to that for classes with positive square.
In this paper we are interested in investigating the minimal genus problem for classes
with negative square in CP 2 #nCP 2 with n  9. This work is our initial attempt to
establish some general pattern for classes with negative square in 4-manifolds without
orientation-reversing diffeomorphisms.
Let us now outline our strategy. Recall that, according to [21], for CP 2 #nCP 2 with
n 9, the automorphism group induced by the action of diffeomorphisms on the homology
lattice is the automorphism group of the homology lattice preserving the intersection form.
From now on, we simply refer ‘an orbit’ to an orbit of this automorphism group, and we
will speak of the minimal genus of such an orbit. The first step is to list the representatives
of the orbits of this automorphism group within some range of squares (to be made precise
later). To achieve this, we introduce the simplified form in Section 2. It plays a role similar
to that of the reduced form for classes with nonnegative square. We then divide the orbits
into three cases: primitive ordinary, primitive characteristic, and divisible. Recall that a
class is called characteristic if it is dual to the second Stieffel–Whitney class, and is called
ordinary if it is not characteristic. A class is divisible if it is a nontrivial multiple of another
class, and it is called primitive if it is not divisible. In each case there is a lower bound.
In the first case, the lower bound is simply zero; in the second case, it is provided by
the Kervaire–Milnor congruence (cf. [6]); in the third case, it is provided by the genus
inequality of Rochlin and Hsiang–Szczarba (cf. [19,3]). Then, for each representative of
an orbit with square not too negative, we construct an embedded surface which realizes
the lower bound, hence solving the minimal genus problem. For CP 2 # 2CP 2, the range
of the squares is between −1 and −15, while for CP 2 #nCP 2, the range of the squares is
between −1 and −16.
Now we are going to state precisely our results. Let H,E1, . . . ,En be the standard
generators of ξ ∈ H2(CP 2 #nCP 2,Z) for n  1. Sometimes we will denote the class
ξ = aH −∑ni=1 biEi by (a, b1, . . . , bn). We have
Proposition 1. In H2(CP 2 # 2CP 2,Z),
(1) For any 0> s >−16, there exists a unique orbit of the primitive ordinary classes with
square s, which has minimal genus 0.
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(2) There are exactly two orbits of the primitive characteristic classes with 0 > ξ2 >
−16, which are represented by (1,1,1) and (1,3,1) with minimal genera 0 and 1,
respectively.
(3) There are exactly 6 orbits of the divisible classes with 0 > ξ2 > −16, which are
represented by (0,2,0), (0,3,0), (2,2,2), (0,2,2), (2,4,0) and (3,3,3)with minimal
genera 0, 0, 0, 0, 1 and 1, respectively.
We want to remark that a large part of this proposition has been obtained by Wall and
Lawson (see Section 3).
Theorem 1. In H2(CP 2 # 3CP 2,Z):
(1) For any 0> s >−17, there exists a unique orbit of the primitive ordinary classes with
square s, which has minimal genus 0.
(2) There are exactly two orbits of the primitive characteristic classes with 0 > ξ2 >−17,
which are represented by (1,1,1,1) and (1,3,1,1) with minimal genera 0 and 1,
respectively.
(3) There are exactly 7 orbits of the divisible classes with 0 > ξ2 > −17, which are
represented by (0,2,0,0), (0,2,2,0), (2,2,2,2), (0,3,0,0), (0,2,2,2), (0,4,0,0)
and (2,4,2,0) with minimal genera 0, 0, 0, 0, 0, 1 and 1, respectively.
Proposition 2. In H2(CP 2 #nCP 2,Z) with 4 n 9, for s =−1 or−2, there is a unique
orbit with square s, and it has minimal genus 0.
Theorem 2. In H2(CP 2 #nCP 2,Z) with 4  n  9, all the orbits with 0 > ξ2 > −17,
except one, have minimal genus 0. The exceptional orbit is represented by (1,3,1,1, . . . ,1)
with minimal genus 1.
Corollary 1. In H2(CP 2 #nCP 2,Z) with 1 n 9, all classes with 0 > ξ2 >−(n+ 7),
have minimal genus 0.
This corollary is immediate from Proposition 1, Theorems 1 and 2 when n  2. For
n= 1, the minimal genera are given by [20,12] (see also [10,16]), and an easy calculation
proves the corollary.
We want to remark that Corollary 1 breaks down for n = 10. Consider the class
ξ = 3H −∑10i=1 Ei . It has square−1, while it was shown in [18] that the minimal genus of
ξ is 1. It is interesting to observe that the class 2ξ is represented by a 2-sphere. To see this,
we first take 6 different lines in CP 2 to get an immersion of disjoint union of six 2-spheres
in CP 2 with 15 double points. Then, we do surgeries on 5 of the double points to get an
immersion of 2-sphere in CP 2 with 10 double points. Blowing-up at these 10 points, we
get a smooth embedding of 2-sphere in CP 2 # 10CP 2 which represents 2ξ . In fact, 2ξ
turns out to be a counter-example to a conjecture of Lawson in [8], which states that a
necessary condition for a divisible class to be smoothly representable (by a 2-sphere) is
that the underlying primitive class of which it is a multiple is itself smoothly representable.
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2. Simplified forms
One of the main tools in solving the minimal genus problem for classes with non-
negative square in H2(CP 2 #nCP 2,Z) with 2 n 9 is by using the reduced form [2,4,
5,12,11]. Recall ξ = aH −∑ni=1 biEi is called reduced, if b1  b2  · · · bn  0, and
a 
{
b1 + b2, if n= 2,
b1 + b2 + b3, if n 3.
Since ξ being reduced implies ξ2  0 for n 9, it is impossible for classes with negative
square to have reduced forms. Thus, we introduce the concept of simplified form:
Definition.
(1) ξ = aH − b1E1 − b2E2 ∈ H2(CP 2 # 2CP 2,Z) is a simplified form, if a  0, b1 
b2  0 and 2a  b1 + b2.
(2) ξ = aH −∑ni=1 biEi ∈H2(CP 2 #nCP 2,Z) with n 3 is a simplified form, if a  0,
b1  b2  · · · 0 and 3a  b1 + b2 + b3.
It is easy to see that if ξ = 0, then ξ being simplified implies ξ2 < 0.
Lemma 1. Any class with negative square in H2(CP 2 #nCP 2,Z) with 2 n 9 can be
carried to a simplified form by an automorphism.
Proof. Given any class with square −1 or −2, we can associate an automorphism which
is a reflection at this class. Let R be the reflection at H − E1 − E2 when n = 2,
and the reflection at H − E1 − E2 − E3 when n  3. Let ξ = aH −∑ni=1 biEi and
R(ξ)= a′H −∑ni=1 b′iEi . When n= 2,
a′ = 3a − 2(b1 + b2),
b′1 = b1 + 2(a − b1 − b2), b′2 = b2 + 2(a − b1 − b2),
and when n 3,
a′ = 2a − b1 − b2 − b3,
b′1 = a − b2 − b3, b′2 = a − b1 − b3,
b′3 = a − b1 − b2, b′i = bi if i > 3.
Recall that any automorphism which switches a pair of the Ei or changes the sign of
one of the Ei is called a trivial automorphism. By applying trivial automorphisms, we may
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assume a  0 and b1  b2  · · · bn  0. If ξ is not simplified, then b1 + b2 < 2a in the
case n= 2, and b1 + b2 + b3 < 3a in the case n 3. Since ξ2 < 0, we must have
a < b1 + b2, if n= 2,
a < b1 + b2 + b3, if n 3.
Thus −a < a′ < a. Repeating the above procedure, we will get a simplified form after
finitely many steps. The lemma is proved. ✷
The following lemma gives a method to list all (finitely many) simplified forms for a
given lower bound of squares.
Lemma 2. Let s > 0 be an integer. Then ξ = aH −∑ni=1 biEi ∈H2(CP 2 #nCP 2,Z) with
a  0, b1  b2  · · · bn  0 and ξ2 −s being simplified implies
b1b2  s, if n= 2,
b21 + b22 + b23  32s, if n 3.
Proof. If n= 2, 2a  b1 + b2 implies
−4s  4(a2 − b21 − b22) (b1 + b2)2 − 4(b21 + b22)
= −3(b21 + b22)+ 2b1b2 −4b1b2.
Therefore, we obtain s  b1b2.
When n 3, 3a  b1 + b2 + b3 implies
−9s  9(a2 − b21 − b22 − b23) (b1 + b2 + b3)2 − 9(b21 + b22 + b23)
= −6(b21 + b22 + b23)− (b1 − b2)2 − (b1 − b3)2 − (b2 − b3)2
 −6(b21 + b22 + b23).
Therefore, we obtain b21 + b22 + b23  32 s. The proof is complete. ✷
3. Five basic constructions and two constraints
In this section we list five basic constructions and two basic constraints in the minimal
genus problems which will be used frequently in the following sections.
The first construction is the well-known connected sum construction: if ξ ∈ H2(M,Z)
and η ∈H2(N,Z) are represented by an embedded surfaceΣ1 of genus g and an embedded
surface Σ2 of genus h, respectively, then the embedded surface Σ of genus g+h obtained
by tubing the two surface Σ1 and Σ2 in the connected sum of M and N represents the
class ξ + η ∈H2(M #N,Z).
The second one is the Kervaire and Milnor technique [6]: stabilization via adding CP 2
to M to get to M #CP 2 allows removal of a positive double point of an immersed surface
when going from ξ to (ξ,0).
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The third one is the blow-up construction: stabilization via adding CP 2 to M to get to
M #CP 2 allows removal of a positive double point of an immersed surface when going
from ξ to ξ − 2E.
The fourth one is the reducible-surgery construction: if Σ is the immersion of the
disjoint union of two embedded surfaces Σ1 of genus g and Σ2 of genus h, respectively,
and p is a positive intersection point of Σ1 and Σ2, then the surface Σ ′ obtained by doing
surgery on p in the reducible surface Σ is an immersion of a (connected) surface of genus
g + h; furthermore, Σ and Σ ′ represent the same class.
The fifth one is the irreducible-surgery construction: if Σ is an immersion of a
(connected) surface of genus g with one positive double point p, then the surface Σ ′
obtained by doing the surgery on p in the irreducible surface Σ is an embedded surface
with genus g+ 1.
In fact the last two constructions are the same locally. The difference lies in whether the
surface they are applied to is the image of a connected smooth surface or a disconnected
smooth surface. We feel it is convenient to give them different names.
The first constraint is the Kervaire−Milnor congruence for a characteristic class ξ (cf.
[6]): if ξ is representable by a 2-sphere, then
ξ2 ≡ σ(M) (mod 16) (3.1)
where σ(M) is the signature of M .
The second constraint is a lower bound for a 2-divisible class ξ : the minimal genus g of
ξ satisfies the Rokhlin–Hsiang–Szczarba inequality (cf. [19] or [3])
g 
∣∣∣∣ξ
2
4
− σ(M)
2
∣∣∣∣− b2(M)2 . (3.2)
4. Proof of Proposition 1
For ξ ∈ H2(CP 2 # 2CP 2, Z) with ξ2 < 0, as mentioned in the introduction, there are
two results preceding Proposition 1, one by Wall and one by Lawson.
Wall proved (cf. [21]) that any primitive ordinary class ξ with 0 > ξ2 > −16 is
represented by a 2-sphere.
Lawson proved (cf. [8, Theorem 18 (22) and (6)]) (i) A characteristic class ξ is
represented by a 2-sphere if and only if ξ2 =−1. (ii) The only nontrivial divisible classes
ξ = kτ with negative ξ2 which are represented by a 2-sphere are the ones with k = 2 or 3.
When k = 2, the class is represented by a 2-sphere if and only if τ 2 = −1 or −2. When
k = 3, the class is represented by a 2-sphere if and only if τ 2 =−1.
Actually Wall only stated his result in [21], which depends on his work in [22] about
the transitivity. The relevant discussion of transitivity in [22] was not presented in detail,
as Wall himself pointed out in [21]. Moreover, we also find that, in the above statement of
Lawson, the last sentence should be replaced by “when k = 3, the class is representable (by
a 2-sphere) if and only if τ is ordinary and τ 2 =−1”, since there is a characteristic τ with
τ 2 =−1 such that the minimal genus of 3τ is 1. Thus we feel it is necessary to present a
complete proof of Proposition 1.
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We begin with enumerating all the simplified forms with 0 > ξ2 >−16 using Lemma 2.
To apply the connected sum construction to CP 2 # 2CP 2, let us now list some known
results in its summands.
Lemma 3. The following classes are represented by an embedded 2-sphere,
(a) (0), (1), (2) ∈H2(CP 2,Z), 0,E,2E ∈H2(CP 2,Z),
(b) [8] (k, k), (k, k + 1), (k, k− 1) ∈H2(CP 2 #CP 2,Z),
(c) [6] 3E1 or 3E2 ∈H2(CP #CP 2,Z).
In addition,
(d) (3) ∈H2(CP 2,Z) and 3E ∈H2(CP 2,Z) are represented by an embedded torus.
It is immediate from the connected sum construction and Lemma 3 that (k, k + 1,0),
(k, k + 1,1), (k, k + 1,2), (k,0, k + 1), (k,1, k + 1), (k,2, k + 1) and (1,3,0) all have
minimal genus 0 in CP 2 # 2CP 2. We see that the only cases in Table 1 that require further
consideration are No. 10,12,13,14,15 and 16. For those classes in Table 1, again by
Lemma 3 and the connected sum construction, it suffices to show that each one can be
carried to a class of the form (k, k + 1, i) with i = 0,1 or 2 by an automorphism. We
will use t∼ to indicate the equivalence via a trivial automorphism, and R∼ to indicate the
equivalence via the reflection at (1,1,1).
No.10: (0,3,1) t∼ (0,−3,1) R∼ (4,5,1).
No.12: (1,3,2) t∼ (1,2,−3) R∼ (5,6,1).
No.13: (2,4,1) t∼ (−2,−4,−1) R∼ (4,2,5).
No.14: (0,3,2) t∼ (0,2,−3) R∼ (2,4,−1) t∼ (2,4,1).
No.15: (2,3,3) t∼ (2,3,−3) R∼ (6,7,1).
No.16: (1,4,0) t∼ (−1,−4,0) R∼ (5,2,6).
Thus all of these cases are representable by spheres and the proof for the primitive
ordinary classes is finished.
In Table 2, by Lemma 3 and the connected sum construction, (1,1,1) is represented by a
sphere, and (1,3,1) is represented by a torus. The claim that (1,3,1) cannot be represented
by a 2-sphere is due to the Kervaire–Milnor congruence.
Table 1
Primitive ordinary
No a b1 b2 ξ2 No a b1 b2 ξ2 No a b1 b2 ξ2
1 0 1 0 −1 7 1 2 2 −7 12 1 3 2 −12
2 0 1 1 −2 8 1 3 0 −8 13 2 4 1 −13
3 1 2 0 −3 9 2 3 2 −9 14 0 3 2 −13
4 1 2 1 −4 10 0 3 1 −10 15 2 3 3 −14
5 0 2 1 −5 11 3 4 2 −11 16 1 4 0 −15
6 2 3 1 −6
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Table 2 Table 3
Primitive characteristic
No a b1 b2 ξ2
1 1 1 1 −1
2 1 3 1 −9
Divisible
No a b1 b2 ξ2
1 0 2 0 −4
2 0 3 0 −9
3 2 2 2 −4
4 0 2 2 −8
5 2 4 0 −12
6 3 3 3 −9
In Table 3, we first claim that all 6 classes are in different orbits. Since classes with
distinct square and distinct divisibility are in distinct orbits, we only have to check the pair
(0,2,0) and (2,2,2) and the pair (0,3,0) and (3,3,3). But for classes in these two pairs,
one is a multiple of an ordinary class, and the other a multiple of a characteristic class, so
they are in different orbits as well.
The four classes (0,2,0), (2,2,2), (0,2,2) and (0,3,0) all have minimal genera 0 by
Lemma 3 and the connected sum construction.
Now we consider the class ξ = (2,4,0). Take 4 generic complex lines in CP 2, we get
an immersion of the disjoint union of 4 2-spheres with 6 positive intersection points in the
class 4H . Doing the reducible-surgery on 3 of the positive intersection points, we get an
immersion of 2-sphere with 3 positive double points representing the same class. By the
Kervaire–Milnor technique, we can eliminate a positive double point to get an immersion
of 2-sphere with 2 positive double points in CP 2 #CP 2 which represents 4H1. Blowing-
up at one positive double point, we get an immersion of 2-sphere with two positive double
points in CP 2 #CP 2 #CP 2 which represents 4H1− 2E. Doing the irreducible-surgery on
the remaining positive double point, we get an embedding of torus in CP 2 #CP 2 #CP 2.
Changing the orientation of 2CP 2 #CP 2, we get an embedding of torus in CP 2 # 2CP 2
which represents (−2,4,0). On the other hand, since ξ is divisible by 2, ξ2 = −12,
σ(CP 2 # 2CP 2) = −1 and b2(CP 2 # 2CP 2) = 3, by the inequality (3.2), we see that
g  1. Thus the minimal genus of (2,4,0) is 1.
The class ξ = (3,3,3) is a characteristic class. Since (3,3) is represented by a 2-sphere
in CP 2 #CP 2 by Lemma 3(b), and−3E is represented by a torus in CP 2 by Lemma 3(d),
ξ is represented by a torus. On the other hand, by the Kevaire–Milnor congruence (3.1), ξ
is not represented by a 2-sphere. We conclude that the minimal genus of ξ is 1. The proof
of Proposition 1 is complete.
Remark. We can actually determine the minimal genus of some of the classes with square
−16. For example, the two divisible classes (0,4,0) and (2,4,2) all have minimal genus
2. One one hand, for these two classes, the Rochlin–Hsiang–Szczarba inequality gives
the lower bound 2. On the other hand, we can use construction similar to that for the
class (2,4,2) to get embedded genus 2 surfaces representing these classes. The class
(3,4,3) is equivalent to (7,8,1), so it has minimal genus 0. The class we cannot determine
its minimal genus is (1,4,1). There is an obvious genus 3 surface representing it in
CP 2 # 2CP 2. Is its minimal genus actually 3? We will see in the next section that the
class (1,4,1,0) is represented by a 2-sphere in CP 2 # 3CP 2.
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5. Proof of Theorem 1For ξ ∈H2(CP 2 # 3CP 2,Z) with 0 > ξ2 >−17, by Lemma 2 and an easy calculation,
we can list all the simplified forms in Tables 4, 5, 6.
We will simply use s.t to denote the orbit with No= s.t in Table 4. Using R∼ to indicate
the equivalence via the reflection at H −E1 −E2 −E3, and t∼ as before, we have
5.1 = (0,2,1,0) t∼ (0,−2,1,0) R∼ (1,−1,2,1) t∼ (1,2,1,1)= 5.2
8.1 = (1,2,2,1) t∼ (1,2,2,−1) R∼ (−1,0,0,−3) t∼ (1,3,0,0)= 8.2
9.1 = (0,2,2,1) t∼ (0,−2,2,1) R∼ (−1,−3,1,0) t∼ (1,3,1,0)= 9.2
10.1 = (0,3,1,0) t∼ (0,−3,1,0) R∼ (2,−1,−3,2) t∼ (2,3,2,1)= 10.2
11.1 = (0,3,1,1) t∼ (0,−3,1,1) R∼ (1,−2,2,2) t∼ (1,2,2,2)= 11.2
13.1 = (0,3,2,0) t∼ (0,−3,2,0) R∼ (1,−2,3,1) t∼ (1,3,2,1)= 13.2
t∼ (1,−3,2,1) R∼ (2,−2,3,2) t∼ (2,3,2,2)= 13.3
14.1 = (0,3,2,1) t∼ (0,3,−2,1) R∼ (−2,1,−4,−1) t∼ (2,4,1,1)= 14.3
R∼ (−2,0,−3,−3) t∼ (2,3,3,0)= 14.2
15.1 = (1,4,0,0) R∼ (−2,1,−3,−3) t∼ (2,3,3,1)= 15.2
16.1 = (1,3,2,2) t∼ (1,3,−2,2) R∼ (−1,1,−4,0) t∼ (1,4,1,0)= 16.2
In Table 4, it is easy to see that there is a unique orbit of the primitive ordinary classes
with square −s for 0 < s < 17. To see all these orbits have minimal genus 0, we will show
that they can be represented by a connected sum of a sphere in CP 2 # 2CP 2 and a sphere
in CP 2. This is obvious from the preceding section except for the cases 15.2 and 16.2.
However, we have
15.2 = (2,3,3,1) t∼ (2,−3,3,1) R∼ (3,−2,4,2),
16.2 = (1,4,1,0) R∼ (−3,−3,0,4).
Table 4
Primitive ordinary
No a b1 b2 b3 No a b1 b2 b3 No a b1 b2 b3
1.1 0 1 0 0 8.2 1 3 0 0 13.2 1 3 2 1
2.1 0 1 1 0 9.1 0 2 2 1 13.3 2 3 2 2
3.1 0 1 1 1 9.2 1 3 1 0 14.1 0 3 2 1
4.1 1 2 1 0 10.1 0 3 1 0 14.2 2 3 3 0
5.1 0 2 1 0 10.2 2 3 2 1 14.3 2 4 1 1
5.2 1 2 1 1 11.1 0 3 1 1 15.1 1 4 0 0
6.1 0 2 1 1 11.2 1 2 2 2 15.2 2 3 3 1
7.1 1 2 2 0 12.1 1 3 2 0 16.1 1 3 2 2
8.1 1 2 2 1 13.1 0 3 2 0 16.2 1 4 1 0
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Table 5 Table 6
Primitive characteristic
No a b1 b2 b3 ξ2
1 1 1 1 1 −2
2 1 3 1 1 −10
Divisible
No a b1 b2 b3 ξ2
1 0 2 0 0 −4
2 0 2 2 0 −8
3 2 2 2 2 −8
4 0 3 0 0 −9
5 0 2 2 2 −12
6 0 4 0 0 −16
7 2 4 2 0 −16
Thus they have minimal genus 0 as well by Lemma 3 and the connected sum construction.
Claim (1) is proved.
In Table 5, the two classes are certainly in different orbits. They have minimal genera 0
and 1 by the same argument for the classes in Table 2.
By the same argument for the classes in Table 3, we see the classes in Table 6 are in
distinct orbits, and they have minimal genus 0 except the classes (0,4,0,0) and (2,4,2,0).
In the previous section we have shown (2,4,0) is represented by a torus, so (2,4,2,0)
is also represented by a torus by the connected sum construction and Lemma 4(a).
Now we consider the class (0,4,0,0). Take an elliptic curve and a complex line in CP 2,
we get an immersion of the disjoint union of torus and sphere with 3 positive intersection
points which represents the class 4H . Do reducible-surgery on one of the intersection
points, we get an immersion of torus with 2 positive double points representing the same
class. Using the Kervaire–Milnor technique, we can eliminate the two positive double
points to obtain an embedded torus in 3CP 2 in the class 4H1. By changing orientation
we see that 4E1 is represented by an embedded torus in 3CP 2. By the connected sum
construction, we see that (0,4,0,0) is represented by a torus in CP 2 # 3CP 2.
Finally, it is simple to check that the genus inequality of [19] and [3] gives the lower
bound 1 for both classes, so their minimal genus is 1. The proof is thus complete.
6. Proof of Proposition 2
Claim. If 4  n  9 and ξ ∈ H2(CP 2 #nCP 2,Z) with ξ2 = −1 or −2, then there is an
η ∈H2(CP 2 # 3CP 2,Z)⊂H2(CP 2 #nCP 2,Z) which is in the same orbit of ξ under the
action of automorphism.
Suppose the claim is not true and ξ = aH −∑ni=1 biEi is a counter-example. We
may assume a  0 and b1  b2  · · ·  bn  0. Then b4  1, otherwise ξ is a class in
CP 2 # 3CP 2. Let R be the reflection at H − E1 − E2 − E3 and ξ ′ = R(ξ) = a′H −∑n
i=1 b′iEi . Since ξ2 =−1 or −2, we have a < b1 + b2 + b3 and so
a′ = 2a − b1 − b2 − b3 < a.
If ξ2 =−1, then
a2 =
n∑
i=1
b2i − 1 b21 + b22 + b23 + b24 − 1.
B.-H. Li, T.-J. Li / Topology and its Applications 132 (2003) 1–15 11
Hence,
4a2  4
(
b21 + b22 + b23
)
> (b1 + b2 + b3)2
and therefore a′ > 0. We may assume again that b′1  b′2  · · ·  b′n  0. Then we still
have b′4  1. Let ξ ′′ = R(ξ ′) = a′′H −
∑n
i=1 b′′i Ei . Assume b′′1  · · ·  b′′n  0, then
0 < a′′ < a′, and b′′4  1. Thus we can repeat the same procedure arbitrarily many times,
while decreasing the coefficient of H and keeping it positive. This is impossible, so the
claim is proved for ξ2 =−1.
For ξ2 = −2, if b4  2, we can do the same as for the case ξ2 = −1 to get a
contradiction. If b4 = 1 and b1 + b2 + b3 > 3, then
4a2  4
(
b21 + b22 + b23
)− 4 b21 + b22 + b23 − 4 > 0,
and it implies a′ > 0. The same procedure as above will lead to a contradiction.
Thus the only remaining case is when b1 = b2 = b3 = b4 = 1 and 0  a  2. If
ξ2 = −2, then the only possibility is n  6, a = 2, bi = 1 for 1  i  6 and bi = 0 for
6 < i  n. Since (2,1,1,1) R∼ (1,0,0,0), ξ is equivalent to (1,1,0,1,1,0,0, . . .,0). And
it is equivalent to the class −E1 −E2 because
(1,1,0,1,1) R∼ (0,0,−1,0,1) t∼ (0,1,1,0,0).
The claim is proved.
In H2(CP 2 # 3CP 2,Z), there is only one orbit with square −1, and there are two orbits
with square −2 represented by (0,1,1,0) and (1,1,1,1). However, we have already seen
that (1,1,1,1,0)∼ (0,1,1,0,0). Therefore we have proved there is a unique orbit with
square −1 or −2 when 4 n 9. Since the orbits are obviously represented by spheres,
the proposition is proved.
7. Proof of Theorem 2
By Proposition 2, we need only to consider the case −3 ξ2 −16.
Lemma 4. Let ξ be a class in H2(CP 2 #nCP 2,Z) with 4  n  9 and −3  ξ2 −16.
Then ξ can be carried by an automorphism to a class aH −∑ni=1 biEi with a  0,
b1  · · · bn  0 and b4  2.
Proof. Suppose that ξ = aH −∑ni=1 biEi with a  0, b1  · · · bn  0 does not satisfy
the conclusion. Then b4  3. Let ξ ′ = R(ξ) = a′H −∑ni=1 b′iEi , then ξ2 < 0 implies
a′ < a.
We now show that a′ is strictly positive. Observe that
4a2 = 4
n∑
i=1
b2i + 4ξ2  3
(
b21 + b22 + b23
)+ 7b24 + 4
n∑
i=5
b2i + 4ξ2.
Observe also that
7b24 + 4
n∑
i=5
b2i + 4ξ2 > 0
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except for the case ξ2 = −16 with b4 = 3 and bi = 0 for i  5. In this case, we would
have b21 + b22 + b23 > 3b24 unless all bi = 3, i = 1,2,3,4. But this implies a2 = 20, a
contradiction. Thus the exceptional case cannot occur and so we have
4a2 > 3
(
b21 + b22 + b23
)
 (b1 + b2 + b3)2,
and hence a′ > 0.
So we may assume b′1  · · ·  b′n  0, b′4  3, and go on further. However this
procedure cannot be repeated infinitely many times, because it decreases the coefficient
of H and keeps it positive. So the lemma is proved. ✷
It is easy to see from Lemma 4 that −3 ξ2 −16 implies a2 − b21 − b22 − b23  21.
There are two cases we need to consider.
Case 1. ξ is equivalent to a class in H2(CP 2 # 3CP 2,Z). By Theorem 1, ξ is represented
by a 2-sphere except for the cases that ξ is equivalent to (1,3,1,1,0, . . . ,0), (0,4,0, . . . ,0)
and (2,4,2,0, . . . ,0). Notice that by the connected sum construction we only need to
show that (1,3,1,1,0), (0,4,0,0,0) and (2,4,2,0,0) are represented by 2-spheres in
CP 2 # 4CP 2,
In CP 2 # 4CP 2, (1,3,1,1,0) R∼ (1,1,1,3,0). So (1,3,1,1,0) is represented by a 2-
sphere according to Lemma 3 and the connected sum construction.
In Section 4 we have shown that 4H is represented by an immersion of 2-sphere with
3 positive double points in CP 2. By the Kervaire–Milnor technique, we see that 4H is
represented by an embedded sphere in 4CP 2. By changing orientation and the connected
sum construction, we find an embedded sphere representing (0,4,0,0,0) in CP 2 # 4CP 2.
As for the class (2,4,2,0,0), it suffices to argue for the equivalent class (2,4,0,0,2).
In section 4 we have also shown that 4H1−2E is represented by an immersion of 2-sphere
with one positive double point in 2CP 2 #CP 2. By the Kervaire–Milnor technique we can
eliminate the double point to obtain an embedded sphere in 3CP 2 # 4CP 2 still representing
4H1 − 2E. By changing orientation we obtain an embedded sphere in CP 2 # 3CP 2
representing (2,4,0,0). Finally, the connected sum construction and Lemma 3(a) gives
the embedded sphere in CP 2 # 4CP 2 representing (2,4,0,0,2).
Case 2. ξ is not equivalent to a class in CP 2 # 3CP 2. Then according to Lemma 4, we can
assume that ξ = aH −∑ni=1 biEi with a  0, b1  · · ·  bn  0 and 0 < b4  2. Since
1 bi  2 for i  4, we have, by the connected sum construction and Lemma 3(a).
Lemma 5. In this case, (a, b1, b2, b3, . . . , bk) is represented by a 2-sphere in CP 2 # kCP 2
with k  3, then so is ξ in CP 2 #nCP 2.
We further divide Case 2 into cases.
Case 2A. a2 − b21 − b22 − b23 < 0. By Theorem 1 and the condition that b4 = 0, we only
need to check the case when (a, b1, b2, b3)= (1,3,1,1).
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Notice that in this case, since b3 = 1, bi = 0 or 1 for i  4. If bn = 0, then
ξ is represented by a 2-sphere as for the case (1,3,1,1,0). If bn = 1, then ξ =
(1,3,1,1,1, . . . ,1) is a characteristic class. So it has minimal genus 1 by the Kervaire–
Milnor congruence.
Case 2B. a2 − b21 − b22 − b23  0. In this case we will assume (a, b1, b2, b3) is reduced and
bi  2 if i  4. In particular a  b1. Notice that in this case we cannot assume that b3  b4
is also satisfied. Nonetheless Lemma 6 is still true in this case.
If b2 = 0, and a = b1 or b1 + 1, then (a, b1, b2, b3) = (a, b1,0,0) is represented by a
2-sphere in CP 2 # 3CP 2 by Lemma 3(b) and the connected sum construction.
If b2 = 0, and a  b1 + 2, then we use the following simple fact.
Lemma 6. If ξ = aH − b1E1 satisfies a  b1  0 and ξ2  21, then a  b1 + 2 implies
that (a, b1)= (2,0), (3,0), (4,0), (3,1), (4,1), (4,2), (5,2), (5,3) or (6,4).
From Lemma 7 we have the following cases of (a, b1), together with the possible values
of some higher bi obtained from ξ2 < 0.
(1) (2,0),
(2) (3,0), (3,1), b4 = 2,
(3) (4,0), (4,1), (4,2), b4 = b5 = b6 = 2,
(4) (5,2), b4 = b5 = b6 = b7 = b8 = 2,
(5) (5,3), b4 = b5 = b6 = 2,
(6) (6,4), b4 = b5 = b6 = b7 = 2.
Notice that (3,2), (4,2,2,2), (5,2,2,2,2,2,2), (5,3,2,2,2) and (6,4,2,2,2,2) all have
positive squares, and they are represented by 2-spheres by [12] or [11]. It, together with
Lemma 6, implies that ξ is represented by 2-spheres when b2 = 0 and a  b1 + 2.
Now we assume that b2 > 0. We will list all the reduced classes in CP 2 # 3CP 2 with
squares  21 with b2 > 0. Now a  b1 + b2 + b3 implies
a2  b21 + b22 + b23 + 2(b1b2 + b2b3 + b1b3).
Thus squares  21 implies
b1b2 + b2b3 + b1b3  10,
which has only finitely many solutions if b2 = 0. It is now straightforward to obtain
Lemma 7. The reduced classes ξ with ξ2  21 and b2 > 0 are given by Table 7.
For No. 1, 2, 3, 6, 7, 8, 12, 15, 18, 24 and 28, (a, b1, b2, b3) are represented by 2-spheres
in CP 2 # 3CP 2 by Lemma 3.
For No. 4 and 5, ξ < 0 implies b4 = 2. Thus (a, b1, b2, b3, b4) is represented by
2-spheres in CP 2 # 4CP 2.
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Table 7
No a b1 b2 b3 ξ2 No a b1 b2 b3 ξ2
1 2 1 1 0 2 16 5 3 1 1 14
2 3 2 1 0 4 17 5 3 1 0 15
3 4 3 1 0 6 18 9 8 1 0 16
4 3 1 1 1 6 19 6 4 2 0 16
5 3 1 1 0 7 20 5 2 2 1 16
6 5 4 1 0 8 21 5 2 2 0 17
7 4 2 2 0 8 22 6 3 3 0 18
8 6 5 1 0 10 23 6 4 1 1 18
9 4 2 1 1 10 24 10 9 1 0 18
10 4 2 1 0 11 25 6 4 1 0 19
11 4 1 1 0 12 26 5 2 1 1 19
12 7 6 1 0 12 27 5 2 1 0 20
13 5 3 2 0 12 28 11 10 1 0 20
14 4 1 1 1 13 29 7 5 2 0 20
15 8 7 1 0 14
For No. 9–11, No. 13 and No. 14, it must be that ξ <−3, which implies that b4 = b5 =
b6 = 2, b4 = b5 = 2 and b4 = b5 = b6 = 2, respectively. Now notice that (4,2,2,2) and
(5,3,2,2,2) are represented by 2-spheres in CP 2 # 3CP 2 and CP 2 # 4CP 2, respectively.
No. 16 and No. 17 can be reduced to the case (5,3,2,2,2).
The other cases are similarly checked to be represented by 2-spheres. For example, for
No. 29, ξ < 0 implies b4 = b5 = b6 = b7 = 2, and (7,5,2,2,2,2,2) is represented by a
2-sphere. The proof is complete by finally applying Lemma 6 to each case.
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